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1. Introduction 

1.1. (Our main result) Let X Up Y be the union of two general connected, 
smooth, nonrational curves X and Y intersecting transversally at a point 
P. Assume that P is a general point of X or of Y. Our main result is 
Theorem 13.41 which, in a simplified way, says: 

Let Q € X . Then Q is the limit of special Weierstrass points on a family 
of smooth curves degenerating to C if and only if Q ^ P and either of 
the following conditions hold: Q is a special ramification point of the linear 
system \Kx + (<?y + or Q is a ramification point of the linear system 

\Kx + (<7y + 1 + j)P\ for j = ±1 and P is a Weierstrass point ofY. 

Above, gy stands for the genus of Y and Kx for a canonical divisor of X. 

As an application, we use Thcorcm l3.4l to recover in a unified way compu- 
tations made by Diaz and Cukierman of certain divisor classes in the moduli 
spaces of stable curves; see Subsections 1.2 and 1.3 and Sections 5 and 6. 

1.2. (Motivation) In order to understand how the above result fits in the 
literature on the subject, we must recall that in the last two decades several 
papers on limits of Weierstrass points and linear series on stable curves 
appeared. The investigations about these topics were initially aimed to 
prove existence theorems (about, e.g., distinguished linear series on smooth 
curves) or to do enumerative geometry, in the sense of [15j . on the moduli 
space of genus-.g stable curves M g , For instance, in the beginning of the 
eighties, Harris and Mumford [T2] proved that the moduli space M g is of 
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general type for g odd and g > 23, doing computations on Pic(.M s ), the 
Picard group of the moduli functor. 

The same techniques were successfully used by Diaz [3] to compute the 
class E g _x (there named D g _i) of the closure of the locus of curves hav- 
ing an exceptional (here called special) Weierstrass point of type g — 1; see 
Subsection 15. II for a precise definition. A Weierstrass point Q on a smooth 
curve of genus g is said to be of type g — 1 if dim \ (g — 1)Q\ > 1, and of 
type g + 1 if dim \ (g + 1)Q\ > 2. Diaz computed the class E g -i by inter- 
secting it with certain test curves entirely contained in the boundary of M g 
in M g . This way he got relations among the coefficients of the expression 
of Eg^i in terms of generators of Pic(A4 g ). These test curves were induced 
by one-parameter families Ti — » X; of curves given as follows: start with 
a general smooth curve Xj of genus g — i, for each i — 1, . . . , g — 1, and a 
general smooth pointed curve (Yi,Bi) of genus i; then the fiber (jFj)p over 
P e X is Xj Up Y i; the point Bi e Yi being identified with Pel,. This 
can be seen as a curve in M g via a nonconstant map 7^ : X, — > M ff . 

The crux of Diaz's method was to evaluate J x E g ^i, which amounts 
to knowing, with multiplicities, for how many pairs (P, R) with Pel; and 
R G X, Up Yi there is a family of smooth curves degenerating to Xj Up Yi 
with Weierstrass points of type g — 1 converging to P. This was done in 
[6] by using the theory of admissible coverings introduced and developed in 
[H]. So half of our Theorem OH is in 0. 

After Diaz's work, it was natural to ask what the limits of special Weier- 
strass points of type g + 1 are, the other half of Theorem 13.41 In fact, soon 
afterwards, Cukierman [3] computed the class E Qi i of the closure of the lo- 
cus of curves having a Weierstrass point of type g + 1; see Subsection 15.11 
However, his method was not based on test curves, but on a Hurwitz for- 
mula with singularities. (He used Diaz's result as well.) Also, the theory of 
admissible coverings could not be effectively used, as the condition defining 
E g ^i is not about the existence of a pencil, but of a net. Of course, once we 
have an expression for E g ^ in terms of the generators of Pic(A / t ff ), we can 
evaluate it along the 7* . But we cannot infer what the limits of Weierstrass 
points of type g + 1 on Xj Up Yi are just from their number. 

Our Theorem 13.41 fills this gap. To show the "only if" part of it is not 
hard. To show the "if" part we use limit linear series on two-parameter 
families of curves, instead of admissible coverings. 

1.3. (Application) Our Theorem 13.41 can be used to compute the classes 
Eg t _i and P 9 ,i in a unified and conceptually simpler way. Also, we do not 
need to worry about multiplicities, an usual nuisance of the method of test 
curves. 

In brief, here is how. First of all, we consider another divisor class on 
Mg, the class SW g of the closure of the locus of curves having a special 
Weierstrass point, either of type g — 1 or of type g + 1; see Subsection 15 . II for 
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a more precise definition. It turns out that SW g is much easier to compute. 
An expression for it, in terms of the generators of Pic(M g ), appeared already 
in [10] , though there are multiplicity issues due to the method of test curves. 

Here we compute SW g in Theorem [O] directly, by intersecting SW g with 
a general curve in M g . No multiplicity issues arise. Of vital importance in 
this computation is Theorem 14.21 which essentially describes the limits of 
Weierstrass points on a general irreducible uninodal curve. This description 
is much finer than the one found in [6], Thm. A2.1, p. 60, for instance. For 
the proof of Theorem 14.21 we use the theory of limit linear series for curves 
that are not of compact type, developed in [8]. 

Then we show that SW g — E g ,-\ + E g ,\. This follows from our Proposi- 
tion l6.ll This is something to be expected, from a purely set-theoretic point 
of view, but nevertheless, because of multiplicity issues, is not immediate 
and had to be proved. 

Now we use the test curves given by the 7.;. Having the expression for 
SW g allows us to compute J x 7*5W 9 , which gives us the sum 



for each i = 1, . . . ,g — 1. For each j = —1,1, let e% j denote the number of 
pairs (P, R) with P £ Xi and R E Xi Up Yi such that there is a family of 
smooth curves degenerating to Xi Up Yi with Weierstrass points of type g + j 
converging to R. Theorem 13.41 tells us what these pairs are. Their number 
is computed in [3], Thm. 5.6. Then 



Jx 

In principle, the inequality may be strict because of multiplicity issues. How- 
ever, a simple computation yields 



Thus equality holds in (jTJ) . From this equality, for each j = —1,1 and each 
i = 1, . . . ,g — 1, the classes E g .-i and E g .i are computed in the usual way, 
like in [6]; see Subsection 16 . 21 for more details. 

1.4. (Layout) In Section 2 we present a few preliminaries on ramification 
schemes, deformations of curves and limit linear series. In Section 3 we de- 
scribe limits of special Weierstrass points on reducible uninodal curves, and 
in Section 4 we describe limits of Weierstrass points on irreducible uninodal 
curves. In Section 5 we compute SW g and in Section 6 we compute E g ^\ 
and E 9i+ i. 

1.5. (Acknowledgments) The authors wish to thank Nivaldo Medeiros for 
discussions on related topics and acknowledge the use of CbCoA[5] for some 
of the computations. 
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2. Preliminaries 

2.1. (Ramification points) A (nodal) curve is a connected, reduced, projec- 
tive scheme of dimension 1 over C whose only singularities are nodes, i.e. 
ordinary double points. The canonical sheaf, or dualizing sheaf of a curve C 
will be denoted UJc- By the hypothesis on the singularities of C, the sheaf 
UJc is a line bundle. The (arithmetic) genus of C, i.e. h°(C,UJc), will be 
denoted gc- 

Let C be a smooth curve, and V a linear system of dimension r of sections 
of a line bundle L on C. For each P 6 C and each nonnegative integer 
a, let V(—aP) C V be the linear subsystem of sections of V vanishing 
at P with multiplicity at least a. We call P a ramification point of if 
dim V (— rP) > 1; otherwise we call P an ordinary point of V. A ramification 
point P of V is said to be special of type i — 1 if dim V(— (r — 1)P) > 2, and 
special of type r + 1 if dimV^(— (r + 1)P) > 1. A special ramification point 
of V is a special ramification point of type r — 1 orr + 1. 

The orders of vanishing at P of the sections of L in can be ordered 
increasingly. We call this increasing sequence the order sequence of V at P. 
The order sequence is 0, 1, . . . , r — 1 if and only if P is an ordinary point of 
V. The point P is a special ramification point of type r + 1 if and only if 
the largest order is at least r + 1 , and of type r — 1 if and only if the largest 
two orders are at least r — 1. 

We say that P £ C is ordinary (resp. a Weierstrass point) if P is an 
ordinary point (resp. a ramification point) of the canonical system, i.e. the 
complete system of sections of UJc- 

2.2. (Ramification schemes) Let p: X — > S be a smooth, projective map of 
schemes whose fibers are curves. For each integer i > 0, and each invertiblc 
sheaf L on X 1 let Ji(C) denote the relative sheaf of jets, or principal parts, 
of order i of C. The sheaf Jp(C) is locally free of rank i + 1. Also, there is 
a natural evaluation map, e, : p*p*C — ► J*(£), which locally, after trivializa- 
tions are taken, is represented by a Wronskian matrix of functions and their 
derivatives up to order i. 

There is a natural identification Jp(C) = C. Furthermore, for each integer 
i > there is a natural exact sequence of the form: 

(2) o ujf ® £ ► j*oc) — j;- 1 ^) -> 0, 

where 6o> p is the relative dualizing sheaf of p. The truncation maps T{ are 
compatible with the evaluation maps, that is, ej_i = o ej for each i > 0. 

Sheaves satisfying the same properties as the Jp(C) above can be con- 
structed if p is only a flat, projective map whose fibers are (nodal) curves. 
In addition, they coincide on the smooth locus of p with the corresponding 
sheaves of jets. These sheaves appeared in [5], [7], [T3] and [2]. We will use 
the same notation, J1(C), for these sheaves. 
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So, more generally, let p: X — > 5 be a flat, projective map whose fibers 
are curves of genus g. Let £ be an invertible sheaf on X, and v: V — > p*£ 
any map from a locally free sheaf V of constant positive rank, say r + 1 for a 
certain integer r > 0. For each integer i > 0, consider the natural evaluation 
map, 

Ui : p*V ► J*(£). 

We call the degeneracy scheme of for j = —1,1, the special ramification 
scheme of type r + 1+ j of (V, £), and denote it by VEj(V, C). We call the 
degeneracy scheme of u r the ramification scheme of (V, £), and denote it by 
W{V.C,' 

If S* := Spec(C), if X is smooth, and if v is injective, then the support 
of the scheme W(V, C) is the set of ramification points of the linear system 
H°(S, V) C H°(X, C) of sections of C. Also, the support of VEj(V, C) is the 
set of special ramification points of type r + 1 + j of the same linear system, 
for j = -1,1. 

The map u r is a map of locally free sheaves of the same rank r+1. Taking 
determinants, u r induces a Wronskian section w p of the invertible sheaf 

W:= A W® (Kp* V Y- 
Using the truncation sequences ((2j), we get 

r+1 

W = U)P +2 > ® c® r+1 ® ( f\ P *v)\ 

Locally, after trivializations are taken, w p corresponds to a Wronskian deter- 
minant of a sequence of r + 1 functions. Its zero scheme is the ramification 
scheme of (V, C). 

The formation of the ramification scheme is functorial in the following 
sense: Suppose there are an invertible sheaf £ on X, a locally free sheaf V 
of rank r + 1 on S, a map ip : £ — > C, and a commutative diagram of maps 
of the form: 

V p*C! 

V — - — ► p»£. 

Let V C S be the ramification scheme of /i, and F C X that of ^. (So 
ImO) =X Y \ X ®C.) Then 

where := W(V,£) and VK' := W(V',£')- 

By derivation, the section w p induces a global section w' p of the rank-2 
locally free sheaf J p (W). We will call the zero scheme of this section the 
special ramification scheme of (V,£), and denote it by VSW(V,C). Notice 
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that the irreducible components of the ramification scheme have codimen- 
sion at most 1 in X, while those of the special ramification schemes have 
codimension at most 2. Also, a local analysis of the matrices representing 
the maps Ui shows that, set-theoretically, 

VSW{V,C) = VE-x(V,C) (J VEi(V,C). 

Let T be an 5-scheme, and let pt : Xt — * T denote the induced famiy by 
base extension. For each coherent sheaf J- on S (resp. X), let Tt denote its 
pullback to T (resp. Xt-) Then v induces a map 

and the (special) ramification scheme(s) of (V, C) pull back to the (special) 
ramification scheme(s) of (Vt,Ct)- Furthermore, if y C Xt is a T-flat 
closed subscheme whose fibers over T are subcurves of the fibers of p, then 
the (special) ramification scheme(s) of (V, C) coincide on y — (y n Xt — y) 
with the corresponding (special) ramification scheme(s) of (Vt,£t\y)- 

In case C is the relative dualizing sheaf of p, and V = p*C, the ramification 
schemes and special ramification schemes are called Weierstrass schemes and 
special Weierstrass schemes. In addition, we set 

W{p) := W{V, C), VSW(p) := VSW(V, C), 

and VEjip) := VEj(V,£) for j = -1, 1. 

2.3. (Smoothings) Let C be a curve. A smoothing of C consists of two data: 
a flat, projective map p: X — > S to S := Spec(C[[i]]) with smooth generic 
fiber, and an isomorphism between the special fiber and C. The smoothing 
is called regular if the total space X is a regular scheme. 

Let p : X — > S be a smoothing of C, and identify the special fiber with C 
with the given isomorphism. Since the general fiber is smooth, for each node 
P of C, there are a nonnegative integer k and a C[[t]]-algebra isomorphism 

We call k the singularity type of P in A", and set k(P) := k. Notice that 
k(P) — if and only if X is regular at P. 

If E C C is an irreducible component, then E is not necessarily a Cartier 
divisor of X. However, let be the least common multiple of the k(P) + 1 
for all P G E n C — E. Then there is a natural effective Cartier divisor 
on X whose associated 1-cycle is m,E[E]; call this divisor E p . At a node 
P G E n C-P, with (5;e,p of the form ©, it is given by a;™ = 0, for 
n := m,E/{k + 1), if x = is the equation defining the subcurve E <Z C. 
Notice that i? itself is a Cartier divisor of X if and only if the = 1. 

For each integer d > 0, let 5 — > 5 be the map defined by taking t to t d , 
and let p& ■ Xj — ► S be the smoothing induced by base change. The special 
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fiber of pd is equal to that of p. But, for a node P e C, if k is the singularity 
type of P in X, then (fc + l)d — 1 is the singularity type of P in 

Suppose C is semistable. There are a smoothing p : X — > 5 and an S'-map 
b: X ^ X that blows down (collapses) all rational smooth components E of 
C which intersect C — E in two points. In fact, just let 

*:=Proj(0ffV>wf )), 

where 6o> p is the relative dualizing sheaf of p. However the singularity types of 
X are bigger than those of X: if C := 6(C), and P 6 C is a node obtained by 
blowing down a chain of r smooth rational curves, and ko, fci, . . . , k r are the 
singularity types in X of the nodes of C on that chain, then the singularity 
type of P in X is ko + ki + ■ ■ ■ + k r + r. 

In certain circumstances, it might be interesting to avoid blowing down 
some of the rational components of C in a construction as above. This 
is possible after base change. With a base change we may produce sections 
Sj C X of p through its smooth locus intersecting the components we do not 
want to blow down. Then just do the above construction with Ul p replaced 
by W p (££,)• 

So, given a node P of C, and positive integers mo, . . . , m n , it is possible, 
with base changes, blowups and blowdowns, to find an integer d > 0, a 
smoothing p : X — > S and an S'-map b : X — > Xd such that p = b o p d and: 

(1) b is an isomorphism off P. 

(2) b~ 1 (P) is a chain of n smooth rational components of the special 
fiber C of p. 

(3) The singularity types in X of the nodes Po, . . . , P n of C on & _1 (P), 
ordered in sequential order, are £mo — 1, . . . , tm n — 1 for a certain 
integer I > 0. (In fact, 

£(mo + • • ■ + m n ) = (fc + l)d, 

where k is the singularity type of P in X.) 

2.4. (Limit linear series) Let C be a curve, and p: X — > S a smoothing of 
C. Identify C with the closed fiber of p, and denote by the general fiber. 

Let C be an invertible sheaf on X. Since p is flat, H°(X, C) is a torsion- 
free C[[f]]-module, whence free. Let V C H°(X,C) be a C[[t]]-submodulc. 
Then also V is free, say of rank r + 1, for a certain integer r > 0. Assume V 
is saturated, i.e. (V : (f)) = V. Letting V* be the subspace of H°(X Jr ,C\x,) 
generated by V, we have that V is saturated if and only if V = V* P\H° (X,C). 
In our applications we will actually have V — H°(X,C), so saturated. 

Let R C X be the ramification scheme of (V ® Os,C), as defined in 
Subsection 12.21 Since A?* is smooth, R is indeed a divisor. However, R 
may not intersect C properly, as R may contain in its support a component 
of C. Nevertheless, let R := RCiX*. Then R intersects C properly. The 
intersection, dR := Pn C is called the limit ramification scheme. 
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In [8] it is shown how to compute the 0-cycle [dR] associated to dR when 
p is regular. We review this below. 

Let Cx, . . . , C„ be the irreducible components of C. Since C is connected, 
for each i = 1, . . . , n there is an invertible sheaf d on X of the form 

d = C® X Q2 m fl » C m). a i,m 6 Z, 

such that the restriction map 

(4) H°(X,Ci) — >ff (C i) £ i | Ci ) 

has kernel tH°(X, d)- (The divisors C^ are as explained in Subsection l2.3l ) 
There is a natural identification d\x, = C\x,- Using it, set 

V :=H°(X,£ t )r\V* CH°(X„C\x.). 

Then also V, is saturated and free of rank r + 1. (In fact, Vi* = V*.) Let 
V, C H°(Ci, Ci\d) be the image of Vi under ([J|. Since Vi is saturated, and 
(Q has kernel tH°(X, d), the dimension of Vi is r + 1. We call (Vi,d\Ci) 
a limit linear system on Ci. 

Let Ri C Ci be the ramification scheme of (Vi, £i|cjj a s defined in Sub- 
section O Put ^ := Ri - i^nC-C. Then 

[aij] > [Ri] + ••• + [<]. 

Furthermore, if p is regular, then 

n 

(5) Pfl] = Ete]+£ E (^+1)^-4,)^], 

i=i i<j peCinCj 

where £jj := a it j + aj ti — a iti — ajj for each distinct i,j = 1, . . . , n. 

When C = UJ and V = i?°(A',6o'), the limit ramification scheme is called 
the limit Weierstrass scheme, and denoted dW p ; also, a limit linear system 
is called a Zirmi canonical system. 

Let P be a nonsingular point of C, and r C X a section of p intersecting 
C at P. Say, P 6 Ci. Let P* be the rational point of X* cut out by T. Then 
the behaviour of (V*,£|at„) at P* is partially captured by that of (Vi, did) 
at P. For instance, we have semicontinuity: 

dime Vi(-aP) > dimcrr*)) K<(— aP*) for each a = 0, 1, ... . 

In fact, let m := dimc((t)) V»(— aP*). Since V* = V,, we may choose a 
C[[<]]-basis cti, . . . , a m of ViOV*(— aP*). The imagesa, in Vi vanish at P with 
multiplicity at least a as well. If there is a nonzero m-tuple (ci, . . . , c m ) G C m 
such that ci^i + ■ ■ • + c m lr m — 0, then 

(6) citri H h c m o- m = ta 

for some u £ V„ because (j4]) has kernel tH°(X,d) and Vi is saturated. 
Because of (j6|), also d£ l^,n V*(— aP*), and hence cr = 6i<ti + • • ■ + b m a m 
for certain &i 6 C [[<]]. Plugging this expression in ©, we get a nontrivial 
relation for the sections er^, an absurd. 
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In particular, if P* is a special ramification point of type r + j of V*, 
for j = — 1 or j = 1, then so is P with respect to Vi. When C = UJ and 
V = H°(X,UJ) we say that P is the limit of a special Weierstrass point of 
type g+j along p. 

3. General reducible curves 

Proposition 3.1. Let X and Y be two smooth nonrational curves. Let 
A G X and B &Y, and let C be the uninodal curve union of X and Y with 
A identified with B. Let p: X — > S be a smoothing of C. Then the following 
statements hold: 

(i) If B is at most a simple Weierstrass point of Y , then there is a vec- 
tor subspace V C H°(X,U)x((g Y + 2)A)) of codimension 1 containing 
H°(X,UJx(g Y A)) such that (V,LJx((g Y + 2)A)) is a limit canonical 
system on X. Furthermore, if B is an ordinary point ofY, then A is 
a base point of this system, i.e. V = H°(X, UJx((gY + 1)-^))- 

(ii) If A and B are at most simple Weierstrass points of X and Y , with at 
least one of them ordinary, then the limit Weierstrass scheme contains 
the node of C with multiplicity at most 1. 

Proof. Assume B is at most a simple Weierstrass point of Y. Let I be an 
integer, and set C := U P (£Y P ), where UJ P is the relative dualizing sheaf of p. 
Then 

(7) C\ x ^U) x {{t+l)A) and C\ Y Si W y ((l - i)B). 
In addition, the following natural sequences are exact: 

(8) 0^C\ x (-A) -+C\c -^C\y -0, 

(9) 0^C\ Y (-B)^C\c^C\x ^0- 

By Riemann-Roch, h°(C\x) > 5 if and only if I > gy. On the other hand, by 
the hypothesis on B, we have h°(Y, C\y) — max(0, gy + 1 — f) for £ 7^ gy + 1, 
whereas for I = gy + 1 either h°(Y, C\y) = if B is an ordinary point of Y, 
or else h°(Y,C\ Y ) = 1. 

Set M := UJpigyYP) and M := UJ p ((g Y + l)Y p ). From © for C := M, 
and Riemann-Roch, since g Y > we have H 1 (X, M \x(— A)) = 0. So, the 
exactness of flSJ for C := M. implies 

h°(C,M\ c ) = h°(X,M\ x (-A)) + h°(Y,M\ Y ) = (g - 1) + 1 = g. 

Thus the restriction H°(X,M) — > H°(C, M\c) is surjective. 
Consider now the restriction map 

a: H°(C,M\ C ) — > H°(X,UJ x ((g Y + 1)A)). 

It follows from the exactness of © that a contains H°(X,UJx(g Y A)) in its 
image, and from the exactness of ^ that the kernel of a is isomorphic to 
H° (Y, LOy (— g Y B)) . Thus a is injective, hence bijective, if and only if B is 
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an ordinary point of Y. In this case, the complete linear system of sections 
of LOx((gY + 1)A) is a limit canonical system on X. On the other hand, 
if B is a (simple) Weierstrass point of Y, the image of a is the subspace 
H°(X,U) x (g Y A)). 

Applying ([7]) for C :— AT, as B is at most a simple Weierstrass point of 
Y, we get H°(Y,Af\ Y (-B)) = 0. So, the natural map 

0: H°(C,Af\ c ) -> H°(X,U x ((g Y +2) A)) 

is injective. The maps a and /3 fit in a commutative diagram of the form 

H°(X,M) ► H°(C,M\ C ) — ^ ff°(X,Wx((9r + l)A)) 

H°(X,J\f) ► H°{C,Af\c) — H°(X,U x ((g Y + 2)A)), 

where the horizontal maps are induced by restriction, and the vertical maps 
are induced from the inclusion A4 — > A/". Since /3 is injective, the image V of 
the bottom composition has codimension 1 in H°(X, UJx{{gY + 2)A)), and 
(V, 0J x ((g Y + 2) A)) is a limit canonical system on X. From the diagram, V 
contains the image of the top composition, which is H°(X, UJx((gY + 1)A)) 
if B is an ordinary point of Y, and is H°(X, LtJ x (g Y A)) otherwise. In the 
former case, by dimension considerations, V = H°(X, UJ x ((g Y + 1)A)). This 
finishes the proof of (0) . 

Let us prove (JTTJ) . Without loss of generality, we may assume that A is an 
ordinary point of X. Then, from Plucker formula, the ramification divisor 
of the complete linear system of sections of UJx((gY + 1)A) has degree 

(10) (2 9x +g Y - 1)5 + (gx - l)g(g - l) - gx 

on X — A. On the other hand, since B is at most a simple Weierstrass point 
of Y, also by Plucker formula, the ramification divisor of the complete linear 
system of sections of U! Y ((gx + 1)-B) has degree 

(11) (2sy + gx - 1)5 + far - 1).9(5 -l)-w B 

on Y — B, where wb = gy if B is an ordinary point, or else wb =5^ + 1- 

Suppose first that B is an ordinary point of Y. Then, by the already 
proved (0) , the limit Weierstrass scheme dW p has degree away from the node 
equal to the sum of (p~0|) and (fTTj) , with wb = 5y- But this sum is g 3 — 5. 
So the node of C is not contained in 8W p . 

Finally, suppose that B is a (simple) Weierstrass point of Y. Then, by 
(0), there is a vector subspace V C H°(X, Ldx((gY + 2)A)) of dimension g 
containing H°(X, UxigyA)) such that (V, Ux{{gY + 2)A)) is a limit canon- 
ical system. Since A is an ordinary point of X, Plucker formula yields that 
the ramification divisor of (V,LJx((gY + 2) A)) has degree 



(12) 



(25* + gv)g + (gx - 1)5(5 -i)-w A 
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on X - A, where w A = 2g x + gy ~ 1 if V ^ H°{X,U x {{gy + I) A)), and 
wa — 2gx + gy otherwise. At any rate, using wb = gy + 1, the sum of (fTTj) 
and (TT2"|) is at least g 3 — g — 1, with equality only if wa = 2gy + gx- So dW p 
can only contain the node of C with multiplicity 1 . □ 

Lemma 3.2. Let X be a general curve, P G X a general point, and n 
a positive integer. Let Q G X — P. Then the following statements are 
equivalent, for each j = —1,1.' 

(i) The point Q is a ramification point of the complete system of sections 

ofUJx{(n + l + j)P). 
(ii) There is a unique subspace V C H°(X, UJx{{n + 2)P)) of codimension 

1 containing H°(X,UJ x (nP)) but different from H°(X,0J x ((«■ + 1) P)) 

such that Q is a special ramification point of (V,UJx({n + 2)P)) of type 

9x + n + j. 

Proof. Set g :— gx + n. Also, set 

(13) V := H°(C0x(nP)) + H Q {UJx{{n + 2)P-gQ)) C H°(UJ x ((n + 2)P)). 

Since (X,P) is general, by Prop. 3.1 of [4], all the ramification points but 
P of the complete linear system of sections of L) x (nP) or LJ x ((n + 2)P) are 
simple. Then 

(14) h°(X,UJ x ((n + 2)P-gQ)) = l and h°(X, UJ x (nP - gQ)) = 0. 
Thus the sum in (|13p is direct, and V' has dimension g. In addition, 

(15) V'(-iQ) =H a (X,U x (nP-iQ))®H°(X,GJ x {{n + 2)P-gQ)) 
for each i = 0, 1, . . . ,g, and thus 

(16) dimV'(-iQ) = h°(X,UJ x (nP -iQ)) + l for each i = 0, 1, . . . ,g. 
Suppose first that Q holds. Then either 

(17) h°(X,UJ x (nP-(g-l)Q))>l, 

in which case (flU))) implies that dimV'(— (g — l)Q) > 2, and hence Q is a 
special ramification point of type g — 1 of (V', 6c>x((«- + 2)P)); or 

(18) /i°(JSf ) W x ((n + 2)P-( 9 + l)Q)) >1, 

in which case (fT3|) implies that V(— (.9 + 1)Q) 7^ 0, and hence Q is a special 
ramification point of type g+ 1 of (V, 6g>jc ((n + 2)P)). Notice that V' cannot 
be H°(X, UJ x ((n+l)P)) because, since (X, P) is general, the complete linear 
system of sections of Ldx((n + 1)P) has no special ramification points but 
P, by Prop. 3.1 of [J. 

For the uniqueness, just observe that, if Q is a ramification point of 
(VjUxdn + 2)P)), for a subspace V as described in (|TTJ) , then (Ti"4"|) implies 
that V D H°(X,CJx({n + 2)P-gQ)), and hence V D V . Since both V and 
V have dimension g, we have V = V . 
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Finally, suppose ((TTJ) holds. As we saw above, necessarily V = V. So, 
Q is a special ramification point of (V, (jJx((n + 2)P)) of type g + j if and 
only if <OmV'(-(g - 1)P) > 2 if j = -1 or dimV'(-(s + 1)P) > 1 if 
j = 1. Using (|16[) with i = g — 1, we see that the former inequality occurs 
if and only if (|17[) holds, i.e., if and only if Q is a ramification point of the 
complete linear system of sections of UlxinP). On the other hand, since 
H°(X,U x (nP - gQ)) = 0, the latter inequality occurs if and only if (|18p 
holds, i.e., if and only if Q is a ramification point of the complete linear 
system of sections of UJx((n + 2)P). □ 

Proposition 3.3. Let Y be a general smooth curve, A a Y xY the diagonal, 
and pi and pi the projection maps from Y x Y onto the indicated factors. 
Set C := (p2<jJY)(—{gY — 1)A) and £ := pi*£. Then £ is invertible, and the 
degeneracy scheme of the evaluation map p\£ — > L intersects A transver sally 
along the Weierstrass points ofY. 

Proof. By [4], Cor. 3.3, the Weierstrass points of the general curve are simple. 
Thus h°(Y,UJY[-{gY - 1)P)) = 1 for each P e Y, and hence £ is invertible. 
Let Z denote the degeneracy scheme of the evaluation map p\£ — > C. For 
each P G Y, the intersection Z np^f 1 (P) is the ramification scheme of the 
complete linear system of sections of U0y{— (<7y — 1)P)- Thus Z (~lp 1 " 1 (P) is 
finite and contains (P, P) if and only if P is a Weierstrass point of Y. We 
need only show now that Z intersects A transversally, what will follow from 
showing that the intersection number Z ■ A is g Y — gY ■ 

Let 5: Y — » Y x Y be the diagonal map. We have £*0y x y(-A) = OJy. 
Thus 

Z ■ A = deg8*Z = deg( Cl (L)® gY ) - <*(£)). 

Now, since K has at most simple Weierstrass points, for each i = 0, . . . ,gy— 2 
the natural exact sequence 

-> pi»Pa^(-(i + !) A ) Pi*p* 2 UJY{-iA) ^UJ Y ® 6*0 Y xY{~iA) -> 
is exact. As ci(j?i*P26oV) = and <5*0y X Y(— A) = UJy, we get 

Cl (f ) = -(ci(u) Y ) + ci(o;® 2 ) + • • • + dfw^- 1 ). 

Thus 

9Y / I 1 \ 

Z.A = ^*deg( Cl (Wy))= 3r 2 + j(2. 9y -2)= 5 3 - ,g y . 

i=l ^ ' 

□ 

Theorem 3.4. Lei X and Y be two general smooth nonrational curves. Let 
A G X and B & Y, and let C be the uninodal curve union of X and Y with 
A identified with B. Set g '■— gc- Suppose that either A is a general point 
of X or B is a general point ofY. Let Q G C lying on X. Then, for each 
j = —1,1, the point Q is the limit of a special Weierstrass point of type g +j 
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along a smoothing of C if and only if Q is not the node of C , and either of 
the following two situations occur: 
(i) Q is a special ramification point of type g + j of the complete linear 

system of sections ofUJx{{dY + l)-<4) or 
(ii) Q is a ramification point of the complete linear system of sections of 
LJx((gY + 1 + j)A) and B is a Weierstrass point ofY. 

Proof. We prove the "only if" part of the statement first. Let p: X — * S be 
a smoothing of C, as indicated in Figure 1 below, such that Q is the limit 
of a Weierstrass point of type g + j along p. In particular, Q appears with 
multiplicity at least 2 in the limit Weierstrass scheme dW p . 







X 








y 













s 



Figure 1 . The smoothing. 

Since X and Y are general, their Weierstrass points are simple. Also, 
since either A or B is general, either A or B is ordinary. Thus, it follows 
from Proposition 13. 1[ item ju|, that Q is not the node of C. 

Suppose first that B is an ordinary point of Y. Then, by Proposition 13.1) 
item the system of sections of UJx{{9y + 2) A) vanishing at A is a limit 
canonical system, and hence (P holds. 

On the other hand, suppose that B is a Weierstrass point of Y . By Propo- 
sition |3~TI item (0), there is a vector subspace V C H°(X, U0x{(9y + 2)A)) of 
codimension 1 containing H°(X, OJx (gyA)) such that (V,LJx((9y + 2) A)) is 
a limit canonical system, and hence admits Q as a special ramification point 
of type g + j. Now, (JTTJ) follows from Lemma I3~2l 

For the "if" part of the proof, we will construct smoothings as convenient 
slices of certain 2-parameter families. 

Suppose Q is not the node of C. Suppose first that ((xj> holds. Then 
gx > 2. Also, it follows from Prop. 3.1 in |4J that A is not a general point of 
X. So, by hypothesis, B is a general point of Y, whence an ordinary point. 

We will first deform C by letting A vary to a general point. More precisely, 
let A C X x X be the diagonal, and consider the union U of X x X with 
Y x X with A naturally identified with {B} x X. Let q; U — ► X be the 
projection onto the second factor. Since X is nonsingular, we may identify 
the complete local ring of X at A with C [[<]], and let q: U — » S be the family 
induced over S := Spec(C [[<]]) by base change. 
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Let V :— C[[ii, ia, . . . , tjf]] be the base of the universal deformation space 
of C, where t\ = corresponds to equisingular deformations. The map q 
corresponds to a local homomorphism h: V — > C[[t]] such that /i(ti) = 0. 
Since gx > 2, the map g is not, even infinitesimally, a constant family. 
So there is j > 2 such that /i(t/) generates iC[[t]]. We may assume that 
j = 2 and, after a harmless reparameterization, that /i^) = Letting 
:= h(ti) for each i > 3, we have h(ti — Pifa)) = for each i > 3. 
Consider the two-parameter subfamily of the universal deformation of C 
given precisely by the equations ti —pifo) = for i = 3, . . . , N, Identify the 
base of this family with 52 := Spec(C[[ti, t 2 ]]), and let u: T — > S2 denote 
the map giving the family, which is depicted in Figure 2 below. 




FIGURE 2. The first family. 



Notice that T is a regular threefold. Let E C S2 be the Cartier divisor 
given by t\ = 0. The slice ue- u^ 1 (E) — > _E is precisely g, under the 
identification t 2 = t. Hence, the pullback ir*E is the sum of two effective 
Cartier divisors, Xe and Ye, the first isomorphic to X x 25, the second to 
Y x E, whose intersection on Y x E is B x 25, and on X x 2? is the graph 
E of a nonconstant map 2? — > X, sending the special point o G E to j4, and 
the general point e G £ to the general point of X. 

Let .A4 := UJ u {()yYe), where UJ U is the relative dualizing sheaf of u. Then 

(19) M\ Xe ^L) XE/E ((g Y + l)X). 

A fiberwise check, as done in the proof of Proposition 13. 1[ shows that u*A4 
is locally free of rank g, with formation commuting with base change. In 
addition, since B is an ordinary point of Y, the natural map 

7: (u»M)\ E — * u E *{M\x E ) 

is an isomorphism. 

Form the special ramification scheme Z C T of type g+j of (u*A4, M), as 
explained in Subsection l2.2l Since 7 is an isomorphism, Z agrees on Xe — E 
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with the special ramification scheme of type g + j of (ue*{M.\x b ), M\x e )- 
Because of (fT9|) . the fact that S n u _1 (o) = {A}, and the hypothesis on Q, 
we have that Q is an isolated point of Z D u _1 (o). Furthermore, since the 
general point of £ is the general point of A x {e}, Prop. 3.1 in |4j yields 
Znr'(e) C Y x {e}. 

Since is defined locally by two regular functions, there is an irreducible 
curve N C Z containing Q. Since Q is an isolated point of Z n u _1 (o), and 
Z n tt _1 (e) C y x {e}, the general point of N must lie on a smooth fiber of 
u, and hence be a special Weierstrass point of type g + j of that fiber. So Q 
is the limit of a special Weierstrass point of type g + j. 

Suppose now that juj holds. In particular, B is a Weierstrass point of 
Y, and hence gy > 2. Letting i? vary, we may construct a two-parameter 
family similar to the one constructed in the first case. Thus we get a family 
of curves u: T — > S2 over S2 — Spec(C[[fx> ^2]]) such that T is a regular 
threefold, and the pullback u*E of the Cartier divisor E C S2 given by 
ii = is the sum of two effective Cartier divisors, Xe and Ye, the first 
isomorphic to X x E, the second to Y x E, whose intersection on X x E is 
A x E, and on Y x E is the graph £ of a nonconstant map U — » Y", sending 
the special point o € E to B, and the general point e e £ to the general 
point of Y. 

Let S2 — ► 52 be the blowup map of S2 at o, and denote by f C S2 the 
exceptional divisor. Abusing notation, we denote the strict transform of E 
by E as well, and let o denote the point of intersection of E and F. The 
fibered product T Xj 2 S2 is singular only at the node of the fiber over o of 
the second projection T x g 2 S2 — ► ^ ■ 

Let T be the blowup of T x g 2 S2 along the subscheme Yg x s 2 <?2 C Txs 2 S2- 
A local analysis shows that T is smooth. Denote by Xe and Y^ the strict 
transforms in T of Ag ^s 2 E and Y# x 5 2 E. Let also Ap and Yf denote the 
strict transforms of 1 xf and Y x F. Let m: T — > ^2 be the induced map. 
The fiber T Q := m _1 (o) consists of three components: two of them disjoint 
and naturally identified with A and Y, and the remaining, say R, isomorphic 
to a line and meeting A and Y transversally at A and B. A local analysis 
shows Jhat X E f) T a = X and Y E D T = Y U i?, while A F n f = A U i? and 
Yp fl T = Y. Figure 3 below describes the family given by u. 

For each z G E U F, let A 2 and Y z denote the components of that 
are base extensions of A and Y. 

Let UJu be the relative dualizing sheaf of u. Let 

M:=UJu{gy{Y E + Y F )), AT := M(Yf), and T := N(Y E ). 

Clearly, M C Af C P. The restriction V\ ^ p is the pullback of LxJ x {{gY+^)A) 
under the composition Xe — * A x F — > A. Thus 

w*(F| jf J=F°(A,O;x((5r + 2)A)®0 F , 
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Figure 3. The second family. 

and in particular u <t (V\ ^ ) is a locally free Oi?-module of rank g + 1. 
We claim that the natural composition 

6: (uM)\f — » {u*V)\ F ~^u*(P\x f ) 

is injective with invertible cokernel, and that, as / ranges in F — o, the 
image Vf of 5(f) ranges through all subspaces of H°(X, UJ x ((gY + 2) A)) of 
dimension g containing H°(X,LJx(jSyA)) but H°(X,U x ((g Y + i)A)). In 
particular, (u*M)\f is locally free of rank g. 

Once the claim is established, we proceed as in the first case. Indeed, a 
fibcrwise analysis shows that u*Af is locally free of rank g on 52 — F. Thus, 
from the claim, u*N is locally free of rank g everywhere. Form the special 
ramification scheme Z of type g + j of (u*Af, AT) . For each / G F — o, since 
6(f) is injective, Z agrees on Xf — A with the special ramification scheme 
of type 5 + j of (V f ,UJ x ((g Y + 2) A)). 

Now, by Lemma I3T21 there is a subspace V C H°(X,U) x ((gY + 2) A)) of 
codimension 1 with V D H° (X , (J x (g Y A)) but V ^ H (X,U x ((g Y + l)A)) 
such that Q is a special ramification point of (V, U x ((gy + 2) A)) of type 
g + j. From the claim there is / G F — o such that V — Vf. So, viewing Q 
as a point of Xf, we have Q G Z. 

Since all irreducible components of Z have codimension at most 2 in T, 
there is an irreducible curve N C Z passing through Q G X/. Now, only 
finitely many points of X can be special ramification points of type g + j 
of a linear system like V, namely, by Lemma 13.21 the ramification points of 
the complete linear system of sections U! x ((gy + 1 + j)A). But, again by 
Lemma 13.21 each of these points is a special ramification point of a unique 
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V. Thus, for all but finitely many / G F — o, the image Vf has no special 
ramification points of type g + j. Hence N intersects only finitely many 
fibers of u over F, So the general point of N must be on a smooth fiber of 
u, and hence be a special Weierstrass point of type g + j of that fiber. So Q 
is the limit of a special Weierstrass point of type g + j. 

Now, let us establish the claim. First, a fiberwise analysis shows that 
u*M. is locally free of rank g, and that B}u*M. is invertible, both with 
formation commuting with base change. Consider the long exact sequence 
in higher direct images: 

-► u*M -> uM -> u*{N\y F ) -> R x u*M R x uM -> R x u*(N\ Yf ) -> 0. 

Since R u*M. is invertible, and u*(Af\ Yp ) is supported on F, the middle map 
above is zero, breaking up the long sequence in two short exact sequences, 

-> u*M -> uM -> u„(7V|y F ) -> 0, 

-> fl^M -> R x u*N -» R x u*{J^\ Yf ) -> 0. 

The exactness of the first sequence shows the surjectivity of the natural map 
(u*J\T)\f — > u*(7V|y ). Now, a fiberwise analysis, using that B is a simple 
Weierstrass point of Y, shows that i? 1 u*(./V|y F ) is a locally free Op-module 
of rank 2. So, since R}u*M is also locally free, the exactness of the second 
sequence above implies that, for each Cartier divisor G C S% intersecting F 
properly, the natural multiplication-by-G map (R 1 u*Af)(—G) — * R}u*N is 
injective, and hence the natural map 

<5 G : ujV| G — > w*(A/"|5-i(G)) 

is an isomorphism. This isomorphism allows us to work with slices of the 
family u that intersect F properly. 

In particular, for each / 6 F — {o}, let G C S2 be a smooth curve passing 
through /, and whose general point lies on S2 — (E U F). So we have a 
smoothing u G : u~ 1 (G) — > G of the fiber C, and we can also choose G such 
that we is regular. Then, as we saw in the proof of Proposition 13. 1[ the 
natural map 

S GJ : (£ G *(A%-i (G )))(/) H°(X f ,Af\ Xf ) 

is injective and, under the isomorphism N"\x f — ^x((gY + 2)^4), its im- 
age is a g-dimensional subspace of H°(X,CjJx((9y + 2)^4)) that contains 
H°(X,L) x (gYA)) but is different from H a (X,UJ x ((gY + 1)A)). Now, since 
8(f) = ScjoSaif ), and 8q is an isomorphism, 5(f) has the same properties. 

To understand what happens at o, consider the slice of u over E. We 
claim the natural map 

77: u*(Af\$-nE)) — > w*(A% e ) 

is an isomorphism. Indeed, let Tie '■= Xe H Ye- Since Se is an isomor- 
phism, applying the long exact sequence in higher direct images to the exact 
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sequence 

we get that the natural map (u*M)\e — ► u*(N\ Ye ) is surjective, and that 
the image of r\ contains u*{N\ x (— E#)). Thus, to show our last claim we 
need only show that the natural map 

e: u*{M\y B ) — ►U.CA/Ie*) 

is an isomorphism. 

Since the map T,e — * E is an isomorphism, u*(A/"|s E ) is locally free of 
rank 1. Also u*{A[\y- ) is locally free of rank 1, because it is so over the 
generic point e G E. Since the point in the intersection Eg Pi u~ 1 (o) is not 
a Weierstrass point of Y" e , the map e(e) is an isomorphism. 

To show that also e(o) is an isomorphism, it amounts to show that the 
point in E D := E^ H w (o) of intersection of X a and i? is not a limit 
ramification point of (u»A/"|y ,A/"|y ). This is indeed the case, since Ye is 
the blowup of Y X E at (£, o), and E^ is the strict transform of the graph 
of the map E — » Y" obtained by considering the identity map of F locally 
analytically at _B. So, the transversality stated in Proposition l3 . 31 shows that 
E D is not a limit ramification point. 

Finally, since rj and Se are isomorphisms, it follows that S(o), which is 
the composition of the isomorphism 77(0) o Se{o) with the inclusion 

H°(X,UJ x ((g Y + 1)A)) -» H°(X,UJ x (g Y + 2) A), 

is injective of rank g. So, <$(/) is injective of rank g for every / e F, 
and hence <5 is injective with invertible cokernel. Moreover, as the image 
of 8(0) is different from that of 8(f) for f E F — o, then, as / varies in 
F — o, the image Vf of <$(/) varies through all the codimension-1 subspaces 
of H°(X,(jJx{(gY + 2) A)) containing H°(X, (jJ x (ffyA)), with the exception 
of H°(X, (jJx ((gY + I) A)). The proof of the claim is complete. □ 

4. General irreducible singular curves 

Proposition 4.1. Let a and b be positive integers. Let X be a general smooth 
curve of genus g > ; and P and Q general points on X . Then the complete 
linear system of sections of(jJx(o,P+bQ) has only simple ramification points, 
and P and Q are not among them. 

Proof. If g — 0, all complete linear systems on X have no ramification points. 
If g = 1, the curve X can be any curve of genus 1, as long as P — Q is neither 
a-torsion nor &-torsion in the Jacobian variety. 

Assume g > 1. Let i < g be any positive integer, and put j := g — i. 
Let Y and Z be two general smooth curves, Y of genus i, and Z of genus 
j, and let A and M be general points of Y, and B and ./V general points 
of Z. By induction on the genus, we may assume the statement of the 
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proposition holds for (Y, A, M) and U0 Y {a A + (b + j)M), and for (Z, B, N) 
and Ul z (bB + (a + i)N). 

Let Xq be the nodal curve of genus g given as the union of Y and Z, with 
M identified with N. Since Xq is nodal, and A and B are nonsingular points 
of X , there are a regular smoothing p: X — > S of Xq, and sections r, A C X 
such that, identifying the closed fiber of p with X , we have F D X = {A} 
and Afll = {B}. 

Let X* denote the general fiber of p. Let P and Q be the points of 
intersection of T and A with X* . The 2-pointed curve ( X* , P, Q) is defined 
over a finitely generated field extension of Q, and hence can be viewed as a 
2-pointed complex curve. We claim the statement of the proposition holds 
for this two-pointed curve. 

To prove our claim, let UJ P be the relative dualizing sheaf of p. Let 
W* C X* be the ramification divisor of the complete linear system of sections 
of UJ p (aT + 6A)|^„. We need only show that W* is reduced, and does not 
contain P or Q in its support. For this, it is enough to show that the 
limit Weierstrass scheme dW is reduced and does not contain A or B in its 
support. 

Since X is regular, Y and Z are Cartier divisors. Set 
Ci := COpiaT + bA + (b + j - 1)Z), 
C 2 := U) p (aT + bA + (a + i- 1)Y). 

Then 

A|y - UJ Y {aA +{b + j)M), d\ z = CJ z (bB + (2 - b - j)N), 

C 2 \z = U z (bB + (a + i)N), C 2 \y = U Y (aA + (2 - a - i)M). 

Due to the generality of M and N, we have 

h°(Y,£ 2 \ Y (-M)) = h\Z,U\ z {-N)) = 0, 
and hence the natural maps 

are injective. They are actually isomorphisms, since H^^X^i) is free of 
rank g + a + b — 1 , and 

h°(Y, Ci\ Y ) = h°(Z, £ 2 \ z )=g + a + b-l, 

by the Riemann-Roch theorem. 
Since 

C 2 =C 1 ((g + a + b-2)Y), 

it follows that [dW] — [Ri] + [R 2 ], where R±, resp. R 2 , is the ramification 
divisor of the complete linear system of sections of UJy(ciA+ (b+j)M), resp. 
Uz{bB + (a + i)N); see Subsection l2.4t By induction, R\ and R 2 are reduced 
and, viewed as subschcmcs of Xq, disjoint. So dW is reduced. In addition, 
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A and B are not in the supports of R\ and i?2 , and thus are not in support 
of dW either. □ 

Theorem 4.2. Let C be a nodal curve of genus g > 2 that is union of a 
smooth curve X of genus g — 1 and a chain E — (Ei, . . . , E g -\) of g — 1 
rational curves. Suppose X meets E only in E\ and E g -\, at points A and 
B, respectively. Suppose X is general, and A and B are general points of 
X. Let p : X — > S be a regular smoothing of C and W(p) its Weierstrass 
scheme. Then W(p) is a Cartier divisor, and the difference 

W( P )- 9 f^^E t 

i=l 

is effective and intersects each fiber of p transver sally. In particular, the 
limit Weierstrass scheme of p is reduced and contains no node of C in its 
support. 

Proof. Figure 4 below describes the curve C. 




Figure 4. The nodal curve. 



We will prove the second statement first. Let UJ P be the relative dualizing 
sheaf of p. By adjunction, UJ P restricts to the trivial sheaf on each Ei and to 
UJx(A + B) on X. So, each global section of Ul p that vanishes on X vanishes 
on the whole fiber C, and hence the restriction map 

H a {X,U p )^H°(X,UJx(A + B)) 

has image of dimension g. Since h° ( X, L)x (A + B)) — g by the Ricmann 
Roch theorem, the restriction map is surjective. So the complete linear 
system of sections of UJx{A + B) is a limit canonical system on X. 

By Proposition 14.11 the ramification points of H°(X, 0Jx(A + B)) are 
simple. So, the limit Weierstrass scheme dW of / is reduced on X — {A, B}. 
Also, since neither A nor B is a ramification point of H° (X, OJx (A + B)), 
again by Proposition ^. 1[ Pliicker formula yields 



(20) 



deg{dW C\X -{A, B}) = g 3 - g 2 . 
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For each i = 1, . . . , g — 1 set 

i-i s-i 

(21) C i :=UJp(-i(g-i)E i -^2m(g-i)E m - ^ (g - m)iE„ 

m—l ra—i+1 

Notice that Li has degree g on E^ zero on each E m for m ^ i, and 

A|x = Wx(-( S -i-l)A-(t'-l)5). 
Since A and B are general points of X, we have /i°(A', Ci\x) — 1 an d 

(22) h°(X,£ i \x(-A))=h (X,jC i \ x (-B)) = h (X,C i \ x (-A-B))=0. 
Let Vi be the image of 

H°(X,Ci) -^H°(Ei,Ci\ Et ) 

Since h°(X, £i\x(— A — B)) = 0, and degLi\ Em = for m ^ i, each global 
section of Li that vanishes on E{ vanishes on the whole C. Thus (Vi, £i|-E 4 ) 
is a limit canonical system on P^. 

Let P and Q be the nodes of C in Pj. A section in Vi that vanishes at 
P (or Q) is the restriction of a global section of Li that vanishes at P (or 
Q). Since deg£i|£ m = for m ^ i, it follows from (|22|) that this global 
section vanishes on all components of C but possibly Ei. In particular, its 
restriction in Vi vanishes at P and Q. In other words, 

(23) Vi(-P) = Vi(-Q) = Vi(-P -Q) = H°(E t ,£ t \ Ei (-P - Q)), 

where the last equality follows from dimension considerations. 

By (|2^|) . the system Vi contains a complete subsystem of codimension 1, 
namely H°(Ei, £i|s i (— P — Q)). Since complete systems on the projective 
line have no ramification points, the order sequence of Vi at each point of P, ; 
starts with 0, . . . , g — 2. The last order can only be g — 1 or g, since Ci\ Ei has 
degree g. Thus all ramification points of Vi are simple. In addition, since P 
and Q are not ramification points of H°(Ei, Ci\ Ei (-P — Q)), it follows from 
(|23| that they are not ramification points of (Vi,Ci\ Ei ) either. 

Thus dW is reduced on Ei — {P, Q} and, since neither P nor Q is a 
ramification point of (V,, Ci\ Ei ), Plucker formula yields 

(24) deg(cW n Ei - {P, Q}) = g. 

Finally, since there are g — 1 rational components in C, we get 

g 3 - g = deg(dW nC)> g 3 - g 2 + (g - l)g - .g 3 - g, 

where the inequality follows from combining (|20[) and (|24[) for i = 1, . . . , g— 1. 
The inequality is thus an equality, showing that we accounted for all points 
in the support of dW , and hence that all of them appear with multiplicity 
1. The second statement is proved. 

To prove the first statement, we will consider a filtration Cij of subsheaves 
of UJp containing Li , defined below. 
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For each i = 1, . . . ,g — 1 and each j = 0, 1, . . . , i(g — i) — 1, let k, k', £, £' 
be integers such that 

(25) j = ki + £ = k'(g - i) + £' , < k,£' < g - i - 1, 0<k',£<i-l, 
and put 

(26) c i.j,m '■= km + max(0, 1 — i + m + 1), m = 1, . . . , i, 

(27) c- j m :=fc / (g-m)+max(0,£ / + i-m + l), m = i, . . . ,g - 1. 
Notice that c^j = • 4 = j + 1. Finally, set 

m—1 m=i-\-l 

and put £ij := OJf(-Dij). Notice that 

£i,i(</— i)— 1 * 

For each i = 1, . . . , g — 1 set -D;.-i := and := CJ/. And for each 

j = 0, 1, . . .,i(g-i) — 1 set i^j := fly - Aj-i- Then = Fjj). 
It follows from d25j), (EH) and J27J) that 

i^j- = + -Ei-f+i + ■ • • + Ei + Ei + \ + • • • + Ei + £i . 

Using this, it can also be shown, by induction on j, that 

{U x ((l - k)A + (1 - k')B) if £ ^ i - 1 and I' ^ g - i - 1, 

Ul x (-kA + (1 - k')B) if I = i - 1 and £' ^ g -i - 1, 

W x ((l - fc)A - fc'B) if £ ^ i - 1 and £' = g -i - 1, 

L)x(-kA-k'B) if£ = i-l irnd £' = g - i - 1. 



and 

!fc + fc' + 2 if m = i, 
-1 if m = i - £ - 1 or m — i + £' + 1, 

otherwise. 

It follows that 
(28) /i°(i^,A\i-ik,J = k + k' + \, 



and, setting F^j :— C — 

h° (F hJ , dj\ Puj ) = h° (X, Ux(-kA- k'B)) . 
Since A and -B are general points of X, and k + k' < g — 2, it follows that 

(29) h°(F id ,£ij\2 tij ) = g-l-k-k'. 
Consider now the natural short exact sequence, 

(30) — > £jj — > £j,j-i — ► £ij-i|Fij — » 0. 
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Restricting it to C, we obtain the short exact sequence 

o — > £i,j\p. . — * A,j-i|c ^ ~ * 0- 

So, putting together l|2"5]) and ([25]). we get 

h°(C, £y_i |c) < h°(F itj ,Ci,j-i k, ) + , A j- |fl _ . ) = .9- 

By scmicontinuity, equality holds above. Also, each of the restriction maps 
in the composition below is surjective: 

(31) H (X, d t j-i) — > H (C, A,j-i|c) — ► -ff (^<,3) A,j-i|f 4|J )- 
As a consequence, not only is the sequence derived from (|30p . 

(32) -» H°(X,£i,j) -» -> tf^-, A.i-ikJ - 0, 

left-exact, but also right-exact. 
Now, the inclusion map 

H°(X, A,i) — > H°(X , Aj-i) 

is a map of free C[[t]] -modules of the same rank g. Because of the exactness 
in (f3"2"]) , and because of (|28p. the determinant of this map is an element of 
C[[t}] of order fc + k' + 1. Summing + k' + 1 for j = 0, 1, . . . , i{g - i) - 1, 
we get that the determinant of the inclusion 

H°(X,Ci) ^H°(X,UJ P ) 

has order i(g — i)g/2. Thus, using (f2Tj) . and using the functoriality of the 
ramification scheme (see Subsection 12. 2|) . we get 

mult Ei (W(p)) + ?(g ~ z)g - gi(g -i) + mult B< (W(p*A, A))- 

However, since the kernel of the restriction H°(X,Ci) — > ff°(^,A'|B«) is 
tH°(X,Ci), we have that mult B4 (W r (p*A, A)) = 0. Thus 

mult£; i (W(p)) = 3H5 -i) 2 = 2 ' 

as stated. The transversality in the statement is equivalent to the fact that 
the limit Weierstrass divisor is reduced. □ 

Remark 4.3. Keep the setup of Theorem 14.31 but do not assume that p is 
regular. If the singularity types of the nodes of C in X are equal, the same 
conclusions holds, with the only difference that we replace the E\ by the 
Ef defined in Subsection 12.31 In fact, making these substitutions, the proof 
given above works word by word. 

Theorem 4.4. Let g be a positive integer. Let X be a general smooth curve 
of genus g — 1, and A and B general points of X. Let C be the nodal curve 
of genus g obtained from X by identifying A and B. Then no point of C is a 
limit of special Weierstrass points on a family of smooth curves degenerating 
toC. 
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Proof. The statement is true if c? = 1, because an elliptic curve has no 
Weierstrass points. Suppose g > 1 now. Let p: X — > S be a smoothing of C. 
We claim that the geometric general fiber has no special Weierstrass point. 
It is enough to show that, after base changes, blowups and blowdowns with 
center in the special fiber, the limit Weierstrass divisor is reduced. 

So, as seen in Subsection l2.3( we may replace p by a smoothing p: X — > S 
whose special fiber is the curve C described in Theorem 14.21 whose nodes 
have equal singularity types in X. Then, by Theorem 14.21 and Remark 14.31 
thereafter, the limit Weierstrass divisor of p is reduced. □ 



5. The special ramification locus 

5.1. (Special ramification loci) Let M g be the coarse moduli space of stable 
curves of genus g > 4, and M g> i that of pointed curves. Let W : M g ,\ — > M g 
be the forgetful map. 

Let M g C M g denote the open locus of smooth curves and M g C M g that 
of smooth curves without nontrivial automorphisms. Set M 9t i :— W~ (M g ) 
and M°j := 7F _1 (M°), and let tt: M gA -> M g and ir° : M° s M° be the 
restrictions of Jr. Recall that M g is a fine moduli space, with universal family 
7T°. Also, since g > 4, the boundary of M g in M g has codimension at least 
2; see gT], P- 53. _ 

Let T^SWg denote the closure of VSW(tt°) in M g ,i\ see Subsection [2~2l 
Also, let VE g j denote the closure of VEj(n°) in M S; i for j = —I, I. 

Notice that VSW g and the schemes VE g .j have pure codimension 2 in 
M g> \. Indeed, their intersections with M gl are determinantal of codimen- 
sion at most 2. Since VEj(n°) C ^^^(Tr ) set-theoretically for each 
it is enough to show that an irreducible component U of VSW(7T°) can- 
not have codimension smaller than 2. And indeed, since the restriction 
tt : VSW(ir°) -» M° is finite, if codim(f/, Af° J < 1, then tt°([/) = M°. 
However, this is not possible because a general curve has no special Weier- 
strass points; see [4], Prop. 3.1. 

We observe that VSW g n M g ^\ parameterizes the smooth pointed curves 
(C, P) such that P is a special Weierstrass point of C. Indeed, there is a 
smooth, projective map p: X — > S 1 whose fibers are curves of genus 3, and 
such that the horizontal maps in the naturally induced commutative diagram 

X M ftl 



are finite and surjective; see [TT], Lemma 3.89, p. 142. The image of VSW(p) 
under (f>\ parameterizes the smooth pointed curves (C, P) such that P is a 
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special Weierstrass point of C. We need to show that 



0i(VSW(p)) = VSWg n M gA . 

Let 5° := (/> _1 (M°). Since <f> is finite and surjective, the boundary of S° in 
S has codimension 2. Reasoning as in the last paragraph, we see that the 
irreducible components of VSW(p) meet X Q := p^ 1 (S°). Thus VSW(p) is 
set-theoretically the closure of VSW(p°) in X, where p° := p\x a '■ -V — > S°. 
Then 

Mvsw( P )) =fa(vsw(jP)) =Mvsw( P °))nM gA 

=VSW(ir°) n M g s = VSWg n M 9) i. 

An analogous reasoning shows that VEg t jDM gt i parameterizes the smooth 
pointed curves (C, P) such that P is a special Weierstrass point of C of type 
g +j, for j = — 1, 1. 

Set £ gj := 7f*[FS flj3 -] for j = -1,1 and SW g = f,pf 9 ]. Since 
7F| y gw is generically finite, SW g and the -Egj are cycles of pure codimension 

1 of Mg. 

5.2. ( The Picard group) Let M g be the coarse moduli space of stable curves 
of genus g > 3. Since M g has only finite quotient singularities, the group 
of codimension- 1 cycle classes of M g with rational coefficients is isomorphic 
to the Picard group with rational coefficients, Pic(M s ) ® Q. This group 
is freely generated by the tautological class A and the boundary classes 
5o,S u ..., S [g/2 ] ; see p], Thm. 1, p. 154 and llj, Prop. 3.88, p. 141. 

Theorem 5.3. Let g > 4. The following formula holds in Pic(M g ) ® Q: 
SW g - (3 ff 4 + 4g » + 9g 2 + 6g + 2)A - + 1)(2 f + 9 + 3) 

[9/2] 

-(ff 3 + 3.g 2 + 2.g + 2)^ i (. 9 -i)^. 

i=l 

Proof. The above formula was shown in [10j . Thm. 5.1, p. 44, using the 
method of test curves. Here we will show how to obtain it directly. 

Let p: X — > S be a flat, projective map over a smooth, projective curve 
S whose fiber X s over each s £ 5* is a stable curve of genus g. Assume 
p has finitely many singular fibers, all of them uninodal, and that each of 
its nonsingular fibers has no nontrivial automorphisms. Also, assume the 
general fiber of p is a general curve of genus g, and in particular has no 
special Weierstrass points, and each of the singular fibers of p is general, 
among singular fibers of like nature. 

For each s 6 S such that X s is singular, let P s denote the unique node 
of X s , and let k s be the singularity type of P s in X. Let So be the set 
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of s G S such that X s is singular and irreducible. In addition, for each 



Up to replacing S by a finite covering we may assume that k s + 1 is divisible 
by g for each seSj. 

Let A' := c\(p*Ld p ), where U! p is the relative dualizing sheaf of p, and set 



fori = 0,1,..., [3/2]. 

Let p° the restriction of p over its smooth locus. Since the general fiber 
of p has no special Weierstrass points, VSW(p°) is finite. Consider the 
zero cycle SW(p°) := p*{VSW(p )]. Viewing SW(p n ) as a divisor class in 
Pic(S) ® Q, to show the statement of the theorem we need only show that 
in Pic(S) ® Q the class of SW(p°) satisfies an equation similar to that of 
SW g , but with A and the Si replaced by A' and the 5[. 

By considering blowups and blowdowns, we may find a map of schemes 
(3: X -> X such that 

(1) j3 is an isomorphism away from the points P s for s G So; 

(2) for each s G So, the fiber X s := (p o /3) _1 (s) is the nodal curve that 
is the union of the normalization of X s and a chain of g — 1 rational 
curves connecting the branches over P s , and f3 : X s — ► X s is the map 
collapsing the chain to P s ; 

(3) the singularity type in X of each of the nodes of X s is (k s + l)/g — 1 
for each s e So. 

Letp := pop. For each s G S , let k s := (fc s + l)/g — 1, let C X s be the 
normalization of X s , and let i? s = (-E S; i, ■ ■ ■ , E St9 _i) be the chain of rational 
components of X s . Also, for each i > 1 and each s G Si, let V s denote the 
component of the fiber X s of genus i and Z s that of genus g — i. Notice that 
Yf and Zf are Cartier divisors of A" such that Yf + Zf = (k s + l)p*(s) and 



2 = l,...,[ 5 /2],let 



S, := {s G S | X s contains a component of genus i}. 



37 • z, - zr • n = i. 



Likewise, (X^)p and the 



are Cartier divisors of X such that 



(fc s + iF( s ), 



i=i 



and 
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for each i — 1, . . . , g — 1, while for each distinct i, j = 1, . . . , g — 1, 



1 otherwise. 

Let p : = p o (3 and consider the Weierstrass divisor Wp. Let 





We claim that is effective and intersects transversally each singular fiber 
of p. 

Indeed, the claim can be checked infinitesimally around each s € S for 
which X s is singular. So, it is possible to treat the fibers over Sq and over 
the Si for i > independently. 

First, Cukierman showed in [3], Prop. 2.0.8, p. 325, that W is effective on 
a neighborhood of the fiber over any s 6 Si, for i > 0, and that intersects 
properly this fiber. (In fact, Cukierman assumed p regular, but his proof goes 
through in our more general situation.) The intersection of W with the fiber 
is the limit Weierstrass divisor, which can be computed using Formula (|S"|), 
as in the proof of Theorem 14. 21 and shown to be reduced. So W intersects 
transversally each fiber X s for each s € Si and each i = 1, . . . , [g/2]. 

Finally, our Theorem 14. 2\ coupled with Remark 14. 3[ shows that W is 
effective on a neighborhood of the fiber over any s £ So, and intersects that 
fiber transversally. This finishes the proof of the claim. 

Since W intersects transversally each singular fiber of p, its branch locus 
over S is simply VSW(p°). Since VSW(p°) has codimension 2 in X, we 
have 



In addition, ci(W) can be computed from the definition of W, since, by 
Pliicker formula, 



It is now a simple but tedious task, using the intersection theory of X ', and 
the formula (see [11], Formula 3.110, p. 158) 



[VSW(p )} = c 2 (4(Ox(W))) = c 1 (W)(c 1 (W) + c 1 (Up)). 




^( Cl (Wp) 2 ) = 12A'-^-5i 



[9/2]' 



to compute SW(p°) = p*{VSW(p )] and obtain the stated formula. 



□ 
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6. The special ramification loci of type g + j 

Proposition 6.1. Let g > 4. The following statements hold: 

(1) VE B j C VSW g forj = -1^ 

(2) Set-theoretically, VE g -! U VE gA = VSW g . 

(3) In the cycle group of codimension-2 cycles of Mg t \, 



WSW 9 ] = WE g ,-x] + WE g ,x]. 

Proof. The statements are local, and can be checked on a neighborhood of 
a point of M g 1 , parameterizing a pointed stable curve (C, P) . 

Locally, the scheme VEi(tt°) is given by all maximal minors of a (Wron- 
skian) matrix of regular functions of the form 



M 



where A is a matrix with g columns and g — 1 rows, and c and d are row 
vectors of size g. Furthermore, V E^i(tt°) is given by all maximal minors 
of the matrix A, and VSW(<k°) is given by the determinants of the square 
sub-matrices 



Mi := 



^ and Mo := , . 

c d 

Since the determinants of Mi and are also maximal minors of M, it 
is clear that VSW(tt°) D VEi(n°). On the other hand, expanding these 
two determinants by the last rows, we see that they belong to the ideal of 
maximal minors of A. Thus VSW(ir°) D VE^i (tt°) as well. Statement 1 is 
proved. 

As for Statement 2, just observe that if A has rank g — 1 at (C, P), and 
thus (C, P) is not in VE_i(ir°), then the vanishing of the determinants 
giving FSW^ ) at (C, P) says that the two last rows of M depend linearly 
on the rows of A, and hence M has rank g — 1, yielding that (C,P) is in 

V£l(7T°). 

Finally, for the last statement we may resort to Lemma 5.3 in [4]. To 
apply this lemma, and immediately get the last statement, we need only 
check that M% has rank at least g — 1 at (C,P), or equivalently, that 
h°(C,w c (-gP)) < 1. However, it follows from [5], Thm. 4.13, p. 918, and 
Claim 3 on p. 920, that the subset of M Sj i parameterizing pointed curves 
(C, P) such that h°(C,ujc(—gP)) > 2 has codimension at least 3. Since 
the equality we want to prove involves codimension-2 cycles, we may indeed 
assume that h (C,uj c {~gP)) < 1. □ 

6.2. (Computing the classes E g j) We may write 

E g,j = a 3 A _ b j,oSo - bj tl 6i b jt[g /2]8[ g /2] G Pic(M g ) ® Q 

for j = —1,1, where the aj and the 6^ are rational numbers to be computed. 
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The coefficients a_i and a\ were determined by using Porteous formula 
on a general family of smooth curves in [BJ, Thm. 4.33, p. 21 and Thm. A1.4, 
p. 59: 

ff 2 (g-l)(3g-l) (. 9 + l)(.g + 2)(3.g 2 + 3,g + 2) 
(33) a-i = and a± = . 

To compute the remaining numbers, we use test families. Our first family, 
p : X — > S , is constructed by taking a general pencil of plane cubics passing 
through a fixed point, and adding to each member of the pencil a general 
smooth curve of genus g — 1 meeting the cubic transversally at the fixed 
point on the cubic and at a fixed general point on the curve of genus g — 1; 
see pi], Ex. 3.140, p. 173. It follows from Theorem S3 and @], Prop. 3.1, 
that for a nonsingular member of the pencil, the resulting stable curve does 
not contain any limit of special Weierstrass points. Thus J s SW g > 0, with 
strict inequality if and only if there is a fiber of po represented by a point in 
the support of SW g . However, a quick computation, using the formula for 
~SW g in Theorem [Ol yields 



(34) / SW g = 0. 

JSo 

So, in particular, 

/ E gj =0 for j = -1,1, 

J So 

yielding the relations 

(35) </ , 12/), :; • /),; (I for j = -1, 1. 

(These relations were obtained directly by Diaz [BJ, Lemma 7.2, p. 40, for 
j = —1, and by Gatto [TU], p. 67, for j = 1, and from them Gatto concluded 
(j3"4"|) . Here we proceeded in the opposite way.) It is thus enough to compute 
the bj_i for j = —1,1 and i > 1. 

For each i = 1, . . . , [g/2], let X be a general smooth curve of genus g — i, 
let Y be a general smooth curve of genus i, and B £ Y a general point. 
Identifying the diagonal AcIxX with {B} x X C Y x X in. the natural 
way, we get a flat, projective map pi : Ti —* X whose fiber over each Pel 
is the uninodal stable curve union of X and Y with P and B identified; 
denote by X Up Y this fiber. Let 7$ : X — > M s be the induced map. 

The crux of the method is to compute the degree of the pullback j*E g+ j 
for j = —1,1. First, we claim that the number of points Q € X Up Y for 
all P € X which are limits of special Weierstrass points is a lower bound for 
this degree. 

Indeed, since E g j — if*[VE g j], the support of the cycle E g j parameter- 
izes the curves which are limits of smooth curves having a special Weierstrass 
point. So, by Theorem l3.4[ a curve X Up Y is parameterized in this support 
only if either the complete linear system of sections of UJx{{i + 1)-P) or that 
of LOydg — i + 1)-B) has special ramification points, other than P or B, or P 
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is a Weierstrass point of X. However, by [4], Prop. 3.1, since B is general, 
the linear system H°(Y, UJy ({g — i + 1)-B)) has no special ramification points 
other than B, and the same is true for H°(X,UJx{(i + l)f)) f° r a general 
P. Thus Ji(X) intersects the support of E g j in finitely many points. 

To compute 7*-E 9J we do as follows: since M g has finite quotient singu- 
larities, there is an integer n > such that nE g j = [D] for some effective 
Cartier divisor D; then J*E g< j — (l/n)[y~ 1 D]. Since r y^ 1 D is finite, to 
compute it we need only work infinitesimally around each P € X. So, 
let pi'. Ti — > X denote the base change of Pi to X := Spec(C'x.p), and 
7i : X — > M g the corresponding map. Let u : U — ► T be the universal defor- 
mation of X Up Y. Here, T is the spectrum of a ring of power series, whence 
regular. Let (3: T — > M g be the induced map. Because of the universal 
property of u, there is a map a : X — » T such that 7, = /3 o a. We will first 
describe f3~ 1 (D), or the cycle which amounts to the same because 

T is regular. 

Let T° C T be the open subscheme parameterizing the smooth fibers 
of u without nontrivial automorphisms. Set U° := u~ l {T°) and denote by 
u° : U° — > T° the induced map. The map /3 restricts to a map /3° : T° — > M°. 
Since the boundary of M° in M g has codimension at least 2, to compute 
[P~ 1 (D)] we need only describe {^^{D n M°). But £ 9J n M° is equal 
to TT®[VEj(Tr )], and is a Cartier divisor of M g , because is smooth. 
Moreover, since both T and are regular, and since the diagram 

U° ► M° A 

is Cartesian, and the formation of VEj(-) commutes with base change, we 
have 

(P )*(E gtj nM g )=u , l[VE j (u )}. 

Thus 

[(P°)- 1 (DnM°)] = nu<i[VE j (u )}, 

and so [/3~ 1 (D)j = nu*[VEj(u )], where VEj(u°) denotes the closure of 
VEj(u°) in U. It follows that 

%E g j = (l/n)[%\D)} = {l/n)[a- l r\D)] = a*u^WW^)]- 

Finally, since u is universal, we have a Cartesian diagram, 

Ti U 

X — T, 
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that shows that 

(36) j*E gJ =p 1 *a* 1 [VE j (u°)}. 

Thus, it follows from (|31)j) that the multiplicity of l*E g j (at the closed 
point of X) is at least the number of points Q € X Up Y whose image in U 
under oti lies in VEj(u°). Now, since the singularities of M g are quotient, 
Ot,o is a finite Ojj ^-module, where C := X Up Y, and is the closed 
point of T. Thus T° has codimension 2 in T as well. Reasoning as in 
Subsection 15.11 we can show that, as a set, VEj(u°) is also the closure of 
the analogous subscheme defined for the subfamily of u consisting of all 
smooth fibers. So the multiplicity ofj*E g j is at least the number of points 
Q G X Up Y that are limits of special Weierstrass points. Our claim is 
thereby proved. 

For each j = —1,1, let dj^ be the number of points (P,Q) e X x X such 
that Q ^ P and Q is a special ramification point of type g+j of the complete 
linear system of sections of + 1)P). Also, let dj^ be the number of 

ramification points different from B of the complete linear system of sections 
of Ldy((g — i + 1 + j)B), and d" be the number of Weierstrass points of X. 
For each j = —1, 1, set 

By Theorem 13.41 the number of points Qel Up Y, for all P £ X, that are 
limits of special Weierstrass points is e^. Thus 

(37) / lfE g ^>e hl . 

Jx 

Now, since Y and B are general, by [4], Prop. 3.1, the complete linear 
system of sections of UJy ((g — i + 1 +j)B) has no special ramification points, 
other than B with weight i. Also, since X is general, X does not have any 
special Weierstrass points; see [3], Cor. 3.3. Thus, by Pliicker formula, 

d' j4 = (g + j)(g + i + j - 1) + (i - l)(.g + + j - 1) - i = i{g + j) 2 - i, 

and 

d" = (g-i-l)(g-i)(g-i + l). 
In addition, by [4\, Thm. 5.6, 

dj,i = (9 - i)(9 - i ~ 1) ((5 + J) 2 (?' + I) 2 - (5 - * + J) 2 ) ■ 

Thus 

=i(g-i)(g-i- 1) ((.g + j) 2 (g + 3) + 2( 5 + j) - (g + 1)) . 
Now, using Theorem [531 an( i that 7*<5j = for every j ^ i, while 

7?A = and / 7?^ = 2(1 - 5 + i), 
Jx 
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a simple computation yields: 

(38) /" 7 ?W fl = e_i,i + e M . 

Jx 

Using Proposition 16.11 and using (|37|) for j = —1,1 and (|38| , we get 



' i.< • < i.< / 7 l *'S'W / g = / J* E g,-i+ / 7*^3,1 > e -i,i + e i, 
./X Jx 

Thus J x "fi E g _j = ej^i for j = —1,1, and hence we may get bjj: 
(39) bj,i = i(g - i) ((<? + jf(. 9 + 3) + 2{g + j) - (g + 1)) . 



Finally, using (|33|) . (|39[) and the relations (I35|) . formulas for 6-1,0 and fr^o 
can be obtained. 
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